This paper is focused on apply the semi-classical approximation to the Wheeler-DeWitt equation obtained via de ADM formalism for the noncommutative system. We start our study with two traditional scenarios in literature: a) The Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmology coupled with a scalar field and a positive cosmological constant and b) a Kantowski-Sachs (KS) Universe, introducing a deformation on the commutation relation for the minisuperspace variables (NCCM). In this vein, we find an explicit semiclassical expression in an adequate interval with the aid of asymptotically equal functions and the theory of Ultrafilters, offering a suggestive alternative to sketch the behavior of the dynamical system involved without the need to solve it numerically. Our results are promising to board the quantum cosmology with an alternative approach.
I. INTRODUCTION
Perhaps the concordance or ΛCDM paradigm is the most successful model to reproduce the dynamics of our Universe [1] introducing the existence of dark entities known as dark matter (DM) and dark energy (DE). Despite its important achievements, the model suffers from different pathologies such as the flatness, the horizon problem (see [2] for an excellent discussion), the current Universe acceleration [3] [4] [5] , among others. In particular, near or in the initial singularity and for times close to Planckian lengths and energies, it is necessary a quantum gravity theory (QG) to understand the universe in these regimes; in particular because gravity already plays a preponderant role at this quantum level. In this sense, the candidates to study this energy scale are for example the string theory [6] or loop quantum gravity [7] , being until now its predictions far from being falsifiable and its theoretical building far to be completely solved. These are some of the reasons of why the Wheeler-DeWitt (WDW) equation is still the cornerstone to address problems in QG scenarios and being also a great arena to pave the way in our search to find a final quantum gravity theory 1 . The noncommutativity in space-time coordinates (NCC) were introduced by first time in 40's [8] , gen- * jesus.astorga@alumnos.udg.mx 1 It is important to notice that the WDW equation and its consequences are a limit case of the string theory.
erating a great deal of interest in this area of research [9] [10] [11] [12] [13] , finding this "boom" in the study of the effects in the phase-space of the classical and quantum cosmology (QC) [14, 15] . It is noticeable to mention that the second case is a simplified approach to study the very early universe, where one could assume the effects of noncommutativity. As it is well known, in general, the configuration space in QC (superspace) is infinite-dimensional, but for the homogenous cosmologies (like our Universe), where the metric depends only on time, we can obtain a model with a finite degrees of freedom called the minisuperspace. In this context, like in noncommutative quantum mechanics [16] [17] [18] , it is possible to introduce noncommutativity in a 2n-dimensional configuration space via the change of variables (Boop-shift) which are often referred to as the Seiberg-Witten map [13] , and satisfy an extended Heisenberg algebra (see Appendix A). Therefore the traditional way to extract useful dynamical information and deal with the difficulties associated with solving the WDW equation in the challenging scenario of noncommutativity gravity is through the WKB-type method, and when it is used a (2 + 1)-minisuperspace model the wave function proposed takes the form shown in Appendix A; finding the associated Einstein-HamiltonJacobi (EHJ) equation, that is, a coupled system of two non-linear ordinary differential equations.
To tackle the EHJ equation and find an analytical expression, in this work we change the paradigm, observing the behavior in a convenient limit of some functions involved, addressing the analysis with a useful kind of arXiv:1804.08041v2 [gr-qc] 8 Aug 2018
functions called asymptotic equals (see Appendix B).
At this point, we have to remark that in cosmology the study of some terms, in an adequate limit (asymptotic analysis), is well known and appears in problems related with the cosmological constant [19, 20] , the behavior near and far from an initial singularity in certain kinds of cosmologies [21, 22] and in quintessence models [23] . In addition, together with the mentioned method we associate a particular family of subsets, called Ultrafilter (Appendix B), that is relevant in some branches of mathematics, like topology where in many cases are used to construct examples and counter examples [24, 25] , functional analysis and dynamical systems when discrete systems are studied [26, 27] . As a demonstration for the functionality of the method, we will put it to the test in EHJ equations that comes from the FLRW and KS metrics respectively, considering the noncommutativity in the space. Hence, the goal is get an analytic proposal over a region, unlike traditional methods studied in literature where is represented only in a integral form or solved numerically [28, 34] . Here we will take a step forward which will undoubtedly be useful for solving the EHJ equation from this approach.
This paper is organized as follows: In Sec. II we propose a semiclassical expression for the FLRW cosmology in a general form, that is, including the curvature and the cosmological constant (Λ) in a NCC-frame. In Sec. III we obtain a semiclassical proposals for the KS universe exploring a phase-space noncommutative extension and using again asymptotic analysis together with some properties of the collection of subsets introduced in Appendix B. By inspection, we compare our analytical expressions with the numerical solution of the dynamical system obtained from apply the semiclassical limit and our analysis in both cosmologies. Finally, Sec. IV deals with the conclusions, outlooks and the potential uses of the method presented here.
We will henceforth use units in which c = = 1.
II. FLRW COSMOLOGY
In order to use the analysis detailed above (concerning only with the asymptotic behavior), we first proceed to study the EHJ equation that comes from FLRW cosmology with the presence of the parameter θ.
We start with the line element in this background as:
where a(t) ≡ exp(αt) is the scale factor, N (t) is the lapse function and k is the curvature constant.
On the other hand, following Ref. [28] we calculate the canonical momenta for α and φ as
and the classical Hamiltonian
the canonical quantization in the momenta and the Hamiltonian constraint for the ADM formulation, give us the WDW equation coupled to a scalar field and Λ in the form:
where N = e 3α is chosen in order to fit a particular gauge, motivated by technical simplicity. Since the effects of the deformation will reflect only in the WDW potential [29] , when the nonconmutativity in coordinates (x 1 = φ, x 2 = α) is applied in Eq. (4), and also the WKB-type method (Appendix A), we finally obtain the EHJ equation 1 12
Therefore applying (2) in (5), the system can be written in the form
φ0 − e 6α (4Λe
The initial condition φ(t 0 ) = φ 0 give us φ(t) = φ 0 − P φ0 (t − t 0 ).
A. Asymptotical analysis in FLRW cosmology
For Eq. (6b) defined in the interval (−∞, α 0 ) with α 0 < 0, under inspection, we have for the integrand
the following asymptotically equal function
with A θ = [4Λe 3θP φ 0 + 12ke
Hence the expression for α is 2 :
where it is applied the initial condition 6α(t 0 ) = ln P 2 φ0 /A 2 0 . As a complement, the other variable has the form:
(10) Proceeding in the same manner we obtain the commutative expressions for the general form as
In the following, we show the plots of the analytical expressions and numerical solutions for values of t in the interval [−1000, 0] that correspond to α's in [−120, 0]. In Fig. 3 the factor that measures the evolution is analyzed, plotting this parameter with the analytical α and the numerical one in a commutative and NCC frame, showing that when t is decreasing they are all similar. For a(t), when the values of t are near zero, the plots in both frames lies in the interval [0, 1].
III. THE KS UNIVERSE IN A COMPLETE DEFORMED SPACE
In this example we are not only going to apply an asymptotic treatment, also we will introduce the concepts 3 shown in Appendix B and all together give the process to obtain, with effectiveness, analytical expressions for the associated dynamical system that comes for the noncommutative EHJ equation in the KS universe.
We start with the line element in the Misner parametrization [30] :
where X and Y are the scale factors. Following the same recipe as in Sec. II, the WDW equation [15] is:
Again, with Ref. [28] , we have for the momenta
and remembering Appendix A, with the presence of the parameters θ and η (x 1 = β, x 2 = Ω), give the equation
where R(Ω) is defined as:
being σ as in appendix A. In addition, noticing that exp(−2 √ 3Ω) = o(1) 4 when Ω → +∞, we consider that for large Ω's the expression can be written in the form
hence in Eq. (15) and using Eqs. (17) and (14) we obtain the system of equations:
The solution of Eq. (18a) with β(t 0 ) = β 0 , give us
and for the parameter t it is possible to express in quadratures as
Notice that in the case where η → 0, the equations (19) and (20) are the reported in literature (see [28] for details).
A. Asymptotical analysis and Ultrafilters in KS cosmology
In the following lines we present the mathematical development to deal with the problem presented previously. Noticing that one way to extract an adequate asymptotically equal function for the integrand in (20) in the interval (Ω 0 , +∞), Ω 0 > 0, is considering the nonempty infinite set
Therefore, let the collections in K A n = {F λn,c1,n,m,c2,n : λ n , c 1,n , c 2,n ∈ (−n, n), m = 0, 1, . . . , n},
with n ∈ N + = N∪{0}, A 0 = {F 0,0,0,0 } and F λn,c1,n,m,c2,n is
n∈N + A n and if we extract a finite sub-collection {A n k } k<ω0 it satisfies the property of finite intersection, then there exists an Ultrafilter in K such that B ⊂ F. For all A ∈ F \ B is not possible that A ∩ A 0 = ∅ showing that (∀A ∈ F \ B → F 0,0,0,0 ∈ A) and finally the equality F = F F0,0,0,0 . Now, if we give the set K the topology τ induced by the metric ρ(f, g) = sup Ω∈(Ω0,+∞) {|(f −g)|} the net ϑ : N → K given by ϑ n = F 1,1,n,0 ∈ B converges (uniformly) to F 0,0,0,0 . Moreover, the map ϕ :
where the family
is a directed set with the relation ( 
with C = B(F 0,0,0,0 , ) ∩ F and F in the filter, we get f ∈ B(F 0,0,0,0 , ) and ϕ → F 0,0,0,0 . In addition, since K is a T 2 space, this limit is unique. Then, applying the net ϑ and (B2) in (20) it is possible to obtain
a ≥ Ω 0 , therefore we find the expression
5 Except, possibly, the constant net ϕ(D) = f 0 , for all D in the directed set and f 0 / ∈ A.
considering Ω(t 0 ) = Ω 0 give C = (ln(Ω 0 ) + ηt 0 )/η and Using the condition of normality in K, we can consider for two closed disjoint subsets A, B a continuos function g : K → [a 0 , a 1 ], such that g(f ) = a 0 for all f ∈ A and g(f ) = a 1 for all f ∈ B 6 . Then, we define the mapŝ
0, in other case.
(29)
Now, the noncommutative relations imposing between the coordinates and their momenta in the modified Poisson algebra are
giving the classical equations of motion:
An analytical solution of this system is beyond reach given the distributions of the variables involved. Hence, in figures below we present a numerical solution of (32a)-(32d) together with the graphics of the functions (29), (30) in the same interval for t used in Fig. 4 , choosing and appropriate value of a 0 and a 1 and observing again the same behavior when t is decreasing.
IV. CONCLUSIONS AND OUTLOOKS
In this paper we have presented noncommutative quantum cosmology thorough the help of the WKB-type method for the WDW equation. Here is investigated the homogeneous cosmologies, in a NCC and NCCM frame. We obtained, in certain region, an expression when some technical difficulties appears at the moment to solve analytically the dynamical system derived from the respective EJH equation. Also, since in both cosmologies the functions implicated in the analysis, that is, the integrands in (6b) and (20) and their behavior, in the respective limit, are similar, being natural the application of the method and the explicit form for the asymptotically equal functions in the two models. In the FLRW cosmology, when θ → 0 in α and φ, we obtain the commutative expressions for the general form and if k = 0 in Eqs. (9) and (10) we have the commutative and NCC solutions in the case k = 0, Λ = 0 reported previously in literature (see Ref. [28] ). In addition, making Λ = 0 together withα → 3α/2, t − t 0 → 2(τ − τ 0 )/3 we return to the results shown previously in Ref. [28] for the case k = 0, Λ = 0. In the KS universe this significance is reflected when the classical system is considered, since in previous works the noncommutativity extension of this model is studied [31] [32] [33] [34] , extending our analysis we get a proposal that fits, in the region imposed, with the numerical solution of this system. This means that if the function g is defined, in an adequate way, we approximate as much as we want to the classical numerical solutions. Here, is important to take in mind that the presence of the parameter of noncommutativity in momenta could be of relevance for the selection of possible initial states in the early Universe [34] . Also, as we observe in the previous section, the possibilities for an asymptotic function are many, nevertheless the element that we choose is relevant in the analysis, since it generates the ultrafilter and is not always possible to know it in an explicit way, given the maximality of this family. Therefore, for example, considering the function (A where A η = √ 3P β0 + η 2 , P β0 1 in the final expression, after making an e-folding to Ω and taking an adequate limit (η → 0, or η, θ → 0) we recover the noncommutative and commutative expressions already known. We remark, for this part, that the commutative solution solve the Einstein's field equations and the noncommutative one can be derived deforming the symplectic structure at a classical level [33] , inferring the same in the FLRW cosmology for the mentioned cases. The above leaves the opportunity, applying an appropriate analysis, to find an expression that satisfy another characteristics that could be mathematically or physically relevant.
When dealing with asymptotic equivalent functions, we have to consider that their relative error is zero, expecting, as Figs. 1, 2 and 4 shows, that in the comparison of the analytic proposals versus the numerical solutions, this error remains sufficiently small to be able to consider them as a good approximation. Indeed, we notice that on a complete deformed space it is possible to obtain an expression for the FLRW cosmology, proceeding similarly as in the KS universe.
Since it have been shown an unexpected connection of some set theoretical concepts with the quantum mechanics as well as in cosmology [35, 36] , the treatment in this scenario via this ideas is the following steps to explore, taking the formal models in ZFC (ZermeloFraenkel-Axiom of choice) and hence the forcing as that special tool to make the shift from the micro to macro scale. Finally, others scenarios in quantum cosmology can be analyzed in order to explore the feasibility of the mathematical methods presented in this paper, however this is work that will be done elsewhere.
where S 1 , S 2 takes the dimension of an action for each minisuperspace variable and both satisfy
To reach the semiclassical limit [37, 38] and with (A5) we find the following approximations, for i = 1, 2, k ∈ R and n ∈ N ∂ n ψ ∂(x i ) n ≈ i dS i dx i n ψ, e kθpi ψ ≈ 1 + kθ dS i dx i ψ, (A7) that will be necessary to derive the EHJ equation in the noncommutative context.
Appendix B: Mathematical background
Here, for our purposes we make use of a special kind of functions and a particular family of subsets described in the following definitions.
Let f (x), g(x) two functions which are positive when |x| → +∞. They are said to be asymptotically equal 
A similar result is obtained when x → −∞.
Let X a nonempty set with |X| ≥ ω 0 and A a Boolean algebra in X. The collection F ⊂ X satisfying • ∅ / ∈ F.
• For A, B ∈ F we have that A ∩ B ∈ F.
• If A ∈ F and B ∈ A such that A ⊆ B, then B ∈ F.
is a filter in X. In this work we suppose that A = P(X). A filter F is fixed if F = ∅ and is called free in other case. The filter generated by A ∈ A, is F A = {F ∈ F : A ⊂ F } and a particular case is when A = {x} obtaining a principal filter, denoted as F x . An Ultrafilter in X is a maximal filter F in the sense that if we consider any other filter F 1 in X we have that is not finer than F.
A net over X is a map ϕ : D → K where D is a directed set with a relation ≤ and if τ is a topology in X we say that ϕ converges to x ∈ X (ϕ → x) if for every N ∈ N x , the set of neighborhoods of x, there is a d N ∈ D with
The following property, related with Ultrafilters, will be of our interest (to check the proof see [39] ). Property of finite intersection: Let C a collection of X. If for every finite sub-collection {A i : i < ω 0 } we have i<ω0 A i = ∅, then there is a fixed Ultrafilter F with C ⊂ F.
